It has recently been claimed that the "contour-dynamics" model of two-dimensional inviscid vortex dynamics spontaneously develops tangent-slope discontinuities, implying infinite contout curvature, within a finite time. The claim was made on the basis of numerical experimentation on three examples of vortex-patch merging, for one of which details were presented. This ?ote presents contrary numerical evidence for the same example, strongly suggestIng that no such singularity develops in the time claimed. The results are generated using overwhelmingly high spatial and temporal resolution. Comparisons with coarser-resolution calculations verify that the effects of resolution have been reduced to an insignificant level at the locations in question. It appears likely that contour smoothness persists for all finite time.
I. INTRODUCTION
The equations of contour dynamics l • 2 describe the selfinduced motion of vorticity-discontinuity boundaries, or "contours," in an inviscid, incompressible, twodimensional fluid whose vorticity distribution is piecewise constant. From a mathematical viewpoint the assumption of piecewise-constant vorticity seems severe. But recent, very detailed comparisons between contour dynamics and a conventional pseudospectral numerical algorithm 2 -4 have shown surprisingly good agreement for flows with distributed vorticity at high Reynolds number. It appears that many aspects of nearly inviscid flows with continuous, distributed vorticity can be reproduced using contour dynamics with a moderate number of vorticity levels. The results suggest that contour dynamics may be a competitive numerical modeling tool in certain problems of scientific interest, particularly in connection with large scale, ultrahigh Reynolds number flows in the atmosphere and oceans.
The mathematical question of whether contour shapes stay smooth for all time has not yet been settled. In the absence of proof, one must rely on numerical evidence and heuristic argument. The overwhelming weight of evidence points to smooth behavior for all time; some of this evidence is summarized below. However, numerical results appearing to show the spontaneous formation of a singularity have recently been reported in this Journal. 5 It is claimed that, in a particular example of vortex merging, a slope discontinuity or curvature infinity develops in a finite time t = tc' We are skeptical of this claim. The present note argues that no such singularity forms, and explains why.
II. THE EXAMPLE
The initial state considered in Ref. 5 consists of two identical circular vortex patches of unit radius and uniform unit vorticity whose centers are separated by 2.5 vortex radii. Figure 1 shows the evolution up to dimensionless time t = 9.81T = 30.7876 ... ; the time is made dimensionless in terms of the vorticity, so that the core of an isolated circular vortex rotates once in a time t = 41T. Here the evolution is calculated using a refined and extensively tested numerical algorithm, using (1) adaptive node spacing adjusted nonlocally at each time step, (2) cubic spline interpolation between nodes, and ( 3) explicit analytical evaluation of the contour integrals along each cubic contour segment. A fourth-order Runge-Kutta scheme is used fof the time integration. No "contour surgery" is performed in this case. The algorithm is described in detail elsewhere,2.6 along with many demonstrations of accuracy and convergence, including reproducibility of extended integrations at different resolutions. The numerical resolution used in Fig. 1 is extremely fine, even by the standards of Refs. 2 and 6, with between 10 3 and 10 4 nodes per contour and a time step at = 1T /20, making this one of the finest resolution contour dynamics calculations ever performed. The bottom center panel of Fig. 1 is for a time t = 81T = 25.1327 ... , or two full vortex revolutions, well after the time tc~ 17 at which singularity formation is claimed in Ref. 5. The small rectangle encloses one of the two regions in which a singularity is said to have formed, the other being the region diametrically opposite. In Fig. 2 we enlarge this rectangle. The small vertical ruler marks a length 0.04 of the initial vortex radius. The contours still appear smooth. The most sharply curved region next to the ruler is extremely well resolved, having over 30 nodes within the arclength corresponding to the ruler. This is approximately the site of the claimed singularity. In Fig. 3 we enlarge the small rectangle in the bottom right panel of In Sec. IV we look more closely at the maximum curvatures and strain rates on the contours. This eliminates the possibility that we might have failed to notice some region of unexpectedly high curvature elsewhere on either contour. Times are indicated in the upper left-hand comer of each frame and are made dimensionless using the vorticity, so that an isolated circular vortex would rotate once in a time t = 417. The calculation was terminated at t = 9.817 for reasons of computational expense.
III. RESOLUTION TESTS
curves demonstrates agreement, at t= 8rr and 9.8rr, to better than the plotted linewidth.
In the regions of highest curvature next to the rulers in Figs. 2 and 3, the maximum spread of contour positions over all four calculations was less than 0.00 11 of the initial vortex radius at t= 8rr and 0.0021 at t = 9.8rr, and over the first two calculations about an order of magnitude less.
The maximum spread over the entire contour bounding either vortex occurred, in fact, far from the central regions shown in Figs. 2 and 3, at the tips of the two long filaments that are conspicuous in the bottom half of Fig. 1 . It is here that the tight curvature puts the severest stress on the numerical algorithm. For instance, the spread at the tips over all four calculations was 0.0091 of the initial vortex radius at t = 8rr.
IV. CURVATURE AND STRAIN RATES
A further way of monitoring the calculated evolution is to look at the contour curvature values actually used by the numerical algorithm at each time step and at each node on the two contours. It suffices to look at curvature values at each node because the cubic spline approximates the curvature as a piecewise-linear function on each contour, to leading order. The algorithm takes the curvature at a node to be equal to that of a circle passing through the node and its two neighbors. Figure 4 gives the primary and secondary maxima of the magnitude K of this discretized curvature as a function of time (note the logarithmic scale for K). The primary maximum is taken over all nodes, and the secondary maximum is defined to be the second largest K value not in the same neighborhood. Figure 4 shows raw data from the run at finest resolution plotted as straight line segments joining successive time steps; the noise in the curves is due mainly to the jumps as successive nodes move along the contour and encounter the maximum curvature values. The largest jumps occur at the tips of the long filaments, which govern the upper curve for t;;: 2.811'. The distance between nodes at the position of peak curvature on the filament tips is 7.5% of the radius of curvature at t = 9.811'. For t;;: 6.311', the lower curve is associated with the regions shown in Figs. 2 and 3 . The overall impression given by Fig. 4 is one of exponential, or slower, rates of increase. There is no hint of any superexponential increase toward infinity near or after t = tc= 17 = 5.411', such as would be required (along with adequately increasing resolution) to support the case for formation of a tangent-slope discontinuity.
Another relevant diagnostic is strain rate. This would also go superexponentially to infinity if a tangent-slope discontinuity were to form (see the mathematical facts reviewed in the Appendix). Figure 5 shows the relevant measures of the effect of the strain field on the contours, as the maximum and minimum values of the Lagrangian rates of stretching and twisting, 
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where subscripts denote differentiation, a is a Lagrangian label along the contour, x(a,t) is the position of a fluid particle (not a computational node) on a contour at time t, u(a,t) is the corresponding velocity (u = XI)' and k is a unit vector normal to the plane. The solid curves show r and min r, and the dashed curves max r and min r, in units of the vorticity. These are computed by approximating the derivatives in (1a) and (1b) by simple differences between every pair of successive nodes. This coarse procedure accounts for the noise in Fig. 5 , which again plots raw numerical data as straight line segments between time steps. The rates at which material contour segments stretch, compress, and twist remain comparable to unity in order of magnitude, i.e., comparable to the vorticity. It is worth noting that near t = tc= 5.411', and in fact for all t;;: 4.411', the extreme values of rand r shown in Fig.   5 are dominated not by the events between the merging vortices, but rather by the faster stretching and twisting that occurs near the tips of the two long filaments seen in Fig. 1 . We note, furthermore, that it is mainly the locally induced Lagrangian motion of the fluid particles around each tip that produces the order-unity contribution to max 1 r 1 and max 1 r I· The weaker, large-scale straining induced by the more distant parts of the vorticity distribution makes a relatively modest contribution. The motion of fluid particles along the contour can be pictured as resembling the motion of beads along a wire. Because of the dominance of the locally induced motion, the time scale for a "bead" to go around the region of peak curvature at the tip is of order unity, giving stretching and twisting values of the same order.
It is worth stressing that this situation appears to be typical. In an extensive series of high-resolution numerical experiments with the present contour-dynamics algorithm, it has repeatedly been found that when long filaments are formed, as commonly occurs, the peak values of I r I and I r I for the whole flow almost always occur near the tips of long filaments. The flow near these regions of extreme curvature is well understood analytically, in the sense that it has been found to be accurately modeled by the MooreSaffman-Kida solutions for elliptic vortices in strain,7,8 in the limiting case of a very long elliptical vortex being extended by the strain field. 8 It is characteristic of these analytical solutions that the beadlike relative motion of particles around the contour is largely attributable to the contribution to the velocity field induced by the vorticity within the ellipse. By contrast, the extension of the ellipse and consequent tightening of the tip radius is always solely attributable to the externally imposed straining. To that extent the behavior resembles passive-tracer behavior. For more general flows, it is therefore reasonable to assume that when the tip of a filament is being extended by a large-scale strain field of bounded magnitude, as is occurring in Fig. 1 , the tip radius cannot go to zero faster than exponentially. The weight of evidence from many numerical experiments suggests that this is the worst-case generic behavior of curvature extrema in all smoothly initiated problems of contour dynamics.
Thus the evidence points toward smooth contour behavior for all time, and argues strongly against the conclusion reached in Ref. 5. Some further comments are given in the Appendix, where it is pointed out that, in a certain sense, the numerical method used in Ref. 5 has tangentslope discontinuities already built into it.
V. CURVATURE MAXIMA AND WAVE PROPAGATION
The evidence just summarized does not, of course, amount to a proof that no singularity occurs in the case of Fig. 1 , but they do create a strong presumption that the curvature remains finite for t<9. 81T and very probably for all finite time. This presumption is reinforced by the following additional considerations.
If an isolated tangent-slope discontinuity were to form, it would presumably be preceded by an isolated curvature maximum. Since the large-scale order-unity straining induced by distant parts of the vorticity distribution cannot by itself produce the infinite deformation rate required to create a singUlarity, the locally induced motion would have to be involved in some way. But the main effect of that motion, as already noted for the Moore-Saft'man-Kida solutions and for the extreme case of a filamentary tip, is simply to move fluid particles along the contour past the curvature maximum. This behavior seems, on the basis of many careful numerical experiments, to be typical. Moreover, it can be understood heuristically in terms of the fundamental Kelvin-Rossby wave propagation mechanism on vorticity gradients, 9 including the limiting case of interest here in which the entire gradient is concentrated on a contour. The wave propagation mechanism continually tries to make curvature maxima propagate relative to fluid particles or, equivalently, to make fluid particles move through curvature maxima.
The relative motion is substantial, in the sense that a particle traverses a curvature maximum-say, for definiteness, the part of the contour on which the curvature is within a factor e -1 of its maximum-in a time of order unity when measured in terms of the vorticity jump across the contour. This is true of the Moore-Saffman-Kida solutions at one extreme, and true of waves of slope unity disturbing a straight contour at the other extreme. It is true also of many intermediate cases for which we have highresolution numerical results. The implication, then, is that the locally induced part of the straining field tends (a) to have a magnitUde of no greater order than unity, as was illustrated in Fig. 5 , and (b) not to act cumulatively to tighten the curvature of a given material segment of the contour. Material segments quickly move out of range of the locally induced straining, within the same time scale of order unity. Only the large-scale, remotely induced part of the straining can act cumulatively on the curvature of the contour, since its large spatial scale means that material segments cannot move out of its range of influence so quickly.
All the examples we have seen of the actual evolution of isolated contour-curvature maxima, in a variety of situations, are consistent with the heuristic picture just suggested. In some ways one of the most typical examples is the "breaking"IO,lland subsequent filamentation of an isolated Kelvin-Rossby wave packet on a contour, extensively studied in Ref. 12 . Locally induced straining is temporarily important as the wave overturns, during a time interval of order unity, but by the time the curvature maximum has been increased by one or two orders of magnitude it is under the control of the large-scale shear associated with the distant, relatively undisturbed parts of the contour. (In this particular case the maximum curvature increases only algebraically, and not exponentially, as t --+ 00, since the large-scale straining field happens to be pure shear. A similar situation can be expected in the case of Fig. 1 above, at sufficiently large times.) A still more detailed study of the filamentation process is underway in which the foregoing ideas will be subjected to even closer scrutiny, and the possibility of a mathematical proof explored. and described in Ref. 13 . This method uses square computational elements to represent the vorticity distribution. Their induced strain rates are logarithmically divergent at each corner of the square, as is now shown.
Consider the velocity field due to a square vortex centered on the origin and with base parallel to the x axis. Choose units of length and time such that the side of the square has length 1 and the uniform vorticity within the square has value 1. Then the velocity field induced by the square vortex in an unbounded domain (irrotational outside the square) is given by
where
using principal values ( -~<arctan<~), and FlO. 6. A sketch showing the geometry of a corner.
+ arctan 1),
from which it can be verified that Us + V1J = 0 and Vs -u., = ~(t)[1 + sgn 5 + sgn 11 + sgn(s'11)] (which checks local consistency with the vorticity distribution near the corner), and, as asserted, strain rates are logarithmically divergent. The numerical algorithm of Ref. 13 fills each vortex region with a number of square elements of differing sizes. The smallest elements lie just within the vortex boundary, itself represented by a set of nodes connected together by straight line segments. The evolution of the vortex boundary is found by calculating the velocity field at each node in terms of the contribution (AI) from each square element in each vortex region. Since this velocity field and the associated strain field already have the behavior implied by (A4), the method has the potential for inducing a correspondingly singular behavior when attempting to approximate a smooth solution. To what extent it does so depends on how closely the nodes happen to approach the rightangled corners on the boundary of the conglomerate of elements. A more detailed critique is given in Ref. 14.
It is important to note that logarithmically divergent strain rates accompany any tangent-slope discontinuity, not just a right angle. If a is the angle of the corner (refer to Fig. 6 ), then the leading-order nonconstant part of the velocity field near the corner is just sin a times that given in (A4). This is a strong reason for using contour representations smoother than piecewise linear, as is done in the method of Ref. 2 and 6.
